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1.  Abstract

Graph embeddings play an important role in interconnection network and VLSI
design.  Determining the number of layers required to build a VLSI chip
is just one of the many areas in which graph embeddings are used.
A type of embedding that is helpful in determining the number of layers required for the design of an interconnection network is a book embedding.  We developed upper and lower bounds on the pagenumber of a book embedding of the k-ary hypercube along with an upper bound on the cumulative pagewidth.   We have published one journal paper [2] and one conference paper [4].  In cooperation with a group of researcher from the University of Texas at Dallas, and Virginia Tech., we are investigating the book embedding of other interconnection networks, namely, the tori which is the mesh with wrap-around connections, and permutation networks such as the star and the pancake.  In another paper we have  published (IEEE ISSC 2009), other properties of the pancake network, namely the genus, is studied.  Quan Nguyen and I will be presented some results  on other properties of the pancake in a paper at the 2009 15th Annual Student Conference.








2.  Purpose and Objectives of Proposed Request
This is an ongoing project conducted in collaboration with Hal Sudborough and Linda Morales of UT Dallas, and Hossain Haydari of James Madison University, David Hoelzeman of Arkansas Tech.  Three new UHCL graduate students, namely Yunis Al-Qawasmeh, Aditya Macherla and Quan T. Nguyen  are working on this project for their theses. The funds sought are for the support of  two students.   This is a request for continuation on this project.  The PI, in cooperation with Dr. Sosina Martirosyan is preparing a proposal on this subject to be submitted to the National Science Foundation.

The pagenumber of a graph has strong implications in VLSI design layout. If we take a
book embedding of a graph and form a rectangle with the linear layout of the nodes, the
number of pages will tell us how many layers are required to produce the chip. So, in
effect, the pagenumber of the graph tells us the smallest number of layers needed.
Our goal is to find the pagenumber for a number of interconnection networks, namely the tori, the permutation networks such as the star and the pancake.


3.  Background and Hypothesis  
a. Description of events leading up to the request

Graph embeddings play an important role in interconnection network and VLSI design. Determining the number of layers required to build a VLSI chip is one of the many areas in which graph embeddings are used. 
Let G = (V,E) be an undirected graph. A linear layout L of the nodes of G is a mapping 
of V to the set {1, 2, . . . , |V |}. Two edges (u, v) and (u’, v’) – are conflicting if  
L(u) < L(u’) < L(v) < L(v’). A book embedding of G in k pages consists of:
1. A linear layout L of the nodes of G, and
2. A coloring of the edges of G with k colors so that conflicting edges receive different
colors.

The problem is to find a book embedding of a given graph that uses the minimum number of pages. The number of pages used in such an embedding is called the pagenumber of G,  denoted by ρ(G). Ideally, these pages should be small in width. The width of a page is the maximum number of edges that cross any line perpendicular to the linear layout of the nodes. 
The width of a book embedding is the maximum width of any individual page. The cumulative pagewidth of a book embedding is the sum of the widths of all pages. 
The pagenumber of a graph has strong implications in VLSI design layout. If we take a
book embedding of a graph and form a rectangle with the linear layout of the nodes, the
number of pages will tell us how many layers are required to produce the chip. So, in
effect, the pagenumber of the graph tells us the smallest number of layers needed. Another area of VLSI design that can be described in terms of a book embedding is the configuring of processors in the presence of faults. Given an array of processors, some of which may be faulty, we lay them out in a line. This line can be either physical or logical. Running parallel to the line of processors are several bundles of wires. As we scan the line of processors, we activate switches connecting the good processors to a bundle of wires and bypassing the bad processors. The bundles of wires act like a stack in that when a process u requests a connection to another processor, u is connected to a particular bundle and pushes the other processor connections down a wire.  When our scan reaches the processor to which  processor u connects, it is popped off the bundle,
since the wire is no longer needed, and the other connections are returned to their original positions. The desired property, in this case, is the minimization of the number of bundles required to interconnect all of the good processors in the desired layout. This is used in the Diogenes method of fault tolerant design as described by Chung, Leighton, and Rosenberg [5,,7]. If we take each bundle of wires and represent it as a page, we have a book embedding. Yannakakis has investigated the book embedding problem for planar graphs, showing that four pages are sufficient to book embed a planar graph[5]. Chung, Leighton, and Rosenberg [6] have studied the book embedding
problem for a variety of graphs including trees, grids, X-trees, Benes networks, complete
graphs, and the binary hypercube. We have studied book embedding for k-ary hypercube [8] and the tori.  In this project, we intend to investigate the problem for permutation networks.   

4.  Preliminary Work

Results for the k-ary hypercube:

Theorem.  An upper bound for the pagenumber of the k-ary hypercube, for even k and of dimension n, Qk(n), is 2n-1.  A lower bound for the pagenumber of Qk(n) is n/2.

Proof (sketched).  For the lower bound, as Qk(n) has nkn edges and kn nodes, the page number is at least n [5,7].  For the upper bound we use induction on n.  The basis step, for n=1, is straightforward.  That is, for all k, Qk(1) has a one page layout, denoted by L(Qk(1) ), given by the linear order:  0,1, 2, … , k-1.  In this layout each node i is connected to its two neighbors i-1 (mod k) and i+1 (mod k), so none of the edges cross. 

Assume, for even k, that Qk(n) has a layout L(Qk(n)) whose pagenumber is 2n-1.  Consider the linear layout of Qk(n+1), denoted by L(Qk(n+1)),  given by:  L(Qk(0)(n+1)), (L(Qk(1)(n+1)))R, L(Qk(2)(n+1)), (L(Qk(3)(n+1)))R, … L(Qk(k-2)(n+1)),(L(Qk(k-1)(n+1)))R, where Qk(i)(n+1) is the subcube of Qk(n+1) consisting of all nodes with the first symbol i.  Note that, as Qk(i)(n+1) is isomorphic to Qk(n), it follows from the induction hypothesis that, for all i, L(Qk(i)(n+1)) has pagenumber 2n-1.  Observe that, for all i (0≤i≤n), there is an edge connecting the string iα with i+1 (mod k) α, where α is any string of length n over the alphabet {0,1,…,k-1}.  Furthermore, as the vertices in L(Qk(i)(n+1)) are in the reverse linear order as those in (L(Qk(i+1) mod k(n+1)))R, one additional page is needed for even values of i and a second additional page is needed for odd values of i.  That is, the given layout L(Qk(n+1)) has pagenumber (2n-1)+2 = 2(n+1)-1.  So, the induction is established.  ⁯

Now, consider the linear layout of Qk(2), when k=2, denoted by L(Qk(2)),  given by:  L(Qk(0)(2)) (L(0)(Qk(1)(2)))R L(1)(Qk(2)(2)) (L(2)(Qk(3)(2)))R … L(k-3)(Qk(k-2)(2)) (L(k-2)(Qk(k-1)(2)))R, where Qk(i)(2) is the subcube of Qk(2) consisting of all nodes with the first symbol i, and
L(j)(Qk(i)(2)) is the layout of Qk(i)(2) obtained from L(Qk(i)(2)) by: 
(a) if j=0, moving i 0 to the end, and 
(b) for j>0, moving i j to the position directly before i j-1. 
Observe that, for all i,j (0≤i,j≤n), there is an edge connecting the string ij with (i+1)j (mod k).  Furthermore, the nodes in L(i-1)(Qk(i)(2)) are the reverse of the linear order given in (L(i)(Qk(i+1) mod k(2)))R, except for the special case of node (i-1)j, which has been moved to the position directly before the node (i-1) (mod k) k .  So, one additional page is needed for even values of i and a second additional page is needed for odd values of i, together with one additional page for the edges connecting the moved nodes.  That is, the given layout L(Qk(2)) has pagenumber 4.

The layout for k=5, when n=2, with page number 4 is illustrated below:
00, 01, 02, 03, 04, 10, 14, 13, 12, 11, 22, 23, 24, 21, 20, 30, 31, 32, 34, 33, 44, 43, 42, 41, 40
(it is then not too difficult to place the edges on  four pages so that edges do not cross) .

Not yet included are good layouts for Qk(n), when k is odd and n>2.  However, there is an upper bound on the page number of general graphs with node degree d and a number of nodes n given by Chung, Leighton, and Rosenberg [5], given by min(n/2,O(dn1/2)).  As Qk(n) has kn vertices and degree 2n, this yields an upper bound for the page number of k-ary hypercubes of O(nkn/2).
(As c*nkn/2 < (an-1)/a-1, for all but the smallest k, this upper bound is better than the one given in the paper.)  Furthermore, the result described above for odd values of k and n=2 can be generalized to also yield better bounds.  The lower bounds obtained could be improved.  This is one of the objectives of this project.

5.  Significance of the Request

The efforts undertaken in this effort will add to the relevant knowledge base in areas of parallel processing, efficiency in the design of parallel machines based on underlying interconnection  networks. 
Three Master’s theses will result from this ongoing project and a number of journal and conference papers.  The PI has been invited to write a book chapter on this subject.  This topic is not new and has been studied heavily by Tom Leighton (the founder of Akamai Technologies), and MIT professor and A. Rosenberg of the University of Massachussetts at Amherst.  This is a very important topic.  The funds will help support these graduate students and to encourage other students to this kind of challenging work.   
	
6.  Dissemination/Use of Results -   
Some results obtained have already been published [1,2,4].  Further results will be published in peer reviewed journals and/or conferences.   The results will also be included in the draft of the students theses which will be in print and electronic.


7.  Procedures/General Work Plan/Methodology - 
The first phase consists which has been accomplished already consisted of preparing the students.  The students are familiar with this area of research and have acquired the necessary background to conduct this research.  



8.  Duration of Request/Time Frame - 
For the summer semester, we plan to finalize the results for the tori and the hypercube-based network.   In the fall semester, the problem of book-embedding of the permutation network will be investigated.  We expect to submit a proposal on this subject to the National Science Foundation.  The results obtained so far and which have resulted in three published papers have been excellent.  The PI has been invited (and accepted) to write a book chapter on this subject.  The reviews for these papers were outstanding and very encouraging. In the spring semester the final results will be submitted for publication and the students will have their theses ready for submission to their advising committees. This is a long project.  We intend to devote all of the summer and parts of fall 09  and spring 10 semesters. 
9.  Equipment/Facilities 
What is available at UHCL will be adequate to conduct this research.. 
10.  Budget Summary 
· 1.  5-month salary for 1 Research assistants:			Total:  $4000.00
· Travel									$600.00
· Laptop to use for presentations at conferences and symposia	$1400
11.  Budget Justification 
This is a research project and the research assistant will be responsible in verifying the validity of the techniques developed by the PI and his colleagues aforementioned.  
Travel to Dallas to conduct some research with Hal and Linda in Dallas.  The PI had travelled to  Russelville, Arkansas for the preparation of the two papers [2] and [4].  A laptop is needed for the purpose of demontartions of simulations and simulations results as well as presentations at conferences.
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